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Introduction: quantum embedding approaches to strongly

correlated systems
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General approaches: embedding-based method
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Density-based embedding methods

=
Density functional embedding theory (DFET) and variants.
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Green’s function based embedding: DFT/GW+DMF
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Density-matrix embedding theory (DMET): a short overview
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Density matrix embedding theory (DMET): an overview
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Schmidt decomposition of a many-electron wave-function
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Schmidt decomposition of a'Slater determinant
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Self-consistent DMET for multiple-impurity systems
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How to obtain
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DMET for excited states in-extended systerr
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® Periodic TD-hybrid for excited state structural optimization.

® DMET+CAS/PT2@ROHF
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DMET+ Neural Network Quantum States
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DMET+CAS-SISO approach to 3d/4f single-ion

magnets

DMET+CAS H* = H3 + Hioc

Y. Ai, Q. Sun, H. Jiang, J. Phys. Chem. Lett. 13, 10627 (2022).
Z. Guan, H. Jiang, J. Chem. Phys. 162, 224111 (2025).
Y. Ai, Z.W. Li, Z.-B. Guan, H. Jiang, J. Chem. Theory Comput., 21, 9631 ¢2025).



Importance of Single-molecule magnets (SMMs)
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+ Foundations for future new-edge technologies: high-density information storage, molecular
spintronics, quantum sensing, qguantum computing, ...
+ Inspiring new design strategies for next-generation rare-earth permanent magnets

+ '"test-bed" for novel quantum physics: quantum tunneling, decoherence, entanglement, ...
21



Challenges of first principles theoretical study of SMMs
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Single-shot DMET based CASSI-SO approach to SIMs
/—:

This work: single-shot DMET ‘ “DMET ansatz” |¥)=|¥ ,)® ‘CDCME>

Low level solver: restricted open-shell Hartree-Fock (ROHF) with properly converged SCF solution

High-level solver: Complete active space state interaction with spin-orbit coupling (CASSI-SO)
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Two-step approach to SOC.:
H ~1 : state-average CAS self-consistent field (SA-CASSCF)

H soc - quasi-degenerate perturbation theory (QDPT) based on mean-field approx. to

Breit-Pauli Hamiltonian (SOMF) B. A. Hess, et al, Chem. Phys. Lett. 251, 365 (1996);

F. Neese, J. Chem. Phys. 122, 034107 (2005).
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DMET+CASSI-SO
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L. Gagliardi and coworkers, J. Phys. Chem. Lett 10, 5507 (2019) e-P (this work)



DIIS technique for SCF convergence

DIIS: direct inversion in iterative subspace

SCF is equivalent to solve the iterative equation X = f (X)
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"DMET+CASSI-SO: applications to 3d-SIMs
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DMET+NEVPT2 for SIMs: considering dynamical correlation

Embedded impurity space (7. ;)

Different choice of A:
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DMET+CASSI-SO for 4f SIMs
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Non-orthogonal atomic orbitals based DMET (AO-DMET) and

further developments

Embedded impurity space (.

entanglement
& overlapping

- - .
’—"- = .~

oy -
.-_—_—'

environment (B)

Y. Ai, Z.-W. Li, H. Jiang, Phys. Rev. Lett. 135, 026502 (2025) .



Limitations of orthogonal local orbital-based DMET (LO-DMET)
: Embedded cluster space (A)
Z Z]]“ch C, +— Z Z<,uv‘/177>cwcm C,0Co

uveAd o ,uvﬂneﬂaa
b =——v > + Y (27,-K,)
IeAB ‘I’ R[ ‘ beB_ . Environment (B)
» Arbitrariness of defining LOs (various bottom-up or Ce- Bp CASSCF NEVPT2 SlSO

36000

top-down schemes) = significant for DMET accuracy 416 eV

34000_— —_
! : . el 3.94 eV I
> Although H-" defined by at most 2N, orbitals, 320001 380eV  380eV ]

= _ 300001 3

)

Hamiltonian matrix elements (e.g. SOC) still require 5000

sfsq (€M

two-electron integrals involving AOs in the full system. 26000_

24000

» Low-level solver (e.g. Hartree-Fock) necessary for the full ool

system (A+B) = expensive for large systems 20000 — e LO(L oewdi LOUAOPAD,  LOUO) AO
Methods



Non-orthogonal decomposition of a Slater determinant
;on orthogonal atomic orbitals (AO): {‘@ >}

Local orthogonalization with A and B, respectively, ‘ ¢ZJ> — Z o X o ‘ beu/ >

Xi) = 2o [C")ailda) + 225[C"15:195)

Single value decomposition (SVD) u=afffor orbitals centered in A/B.

[OH]BBz Z 6] ] [V,I]

It can be proven rigorously that under the assumption A; > A, > 2N,

0<o/<loro!>1 1 <1< 2Na;
0',2/21 2NA+1§7:§NOCC

Y. Ai, Z.-W. Li, H. Jiang, Phys. Rev. Lett. 135, 026502 (2025) .




Non-orthogonal atomic orbital{(AO)-based DMET -DMET)

Unitary transform of occupied orbitals in terms of V”

Xi) =) Vilxs) =) _[C"Glea) + of'|B)

] 87

-0/ =1 |x;) = |BY) = core orbitals, orthogonal to A

1By with 0 < 0! < 1or g =1
=» Entangled and Overlapping (EO) orbitals, at most 2N,

=» Further approximation: using auxiliary orbitals (#/\, , < 2N,)

-

@) = [T 50) @ | D)

Y. Ai, Z.-W. Li, H. Jiang, Phys. Rev. Lett. 135, 026502 (2025) .




Non- orthogonal atomic orbital(AO)-based DMET ET)

RHF

‘CI)> = \\IJA Beo) 0% \Q)BC) " oo

FJAO-DMET _ Lot
imp HV =no -vVo 5 sl

} g B =
—I_ 2 Z Z I/[-L v )\ }) C;L o C Vo ! C}) o f C AJ S 0.15 1.10 1.‘5 2?0 2f5 3;0

Ry _u(A)
‘LLIJ)\'T7€A+BED oo’ 160 — Fol

LO-DMET-1H

—o— LO-DMET-2H

140} AO-DMET-1H

B . . X ~&- AO-DMET-2H
huy — [S hS ];,LL/ l§120—
§ 100 -

2 ~ Y ;
— ——V E —|— E (2J5—Kb)
|I' 8o}
be B.
60} -

0.5 1.0 1.5 2.0 2.5 3.0

3 _ VIRV, (i
V[J,L/A'r] — ZIJJ,VI)\”U’GA—FBeoS SI/V’SAA’S < 1% |A77 > (A)
Y. Ai, Z.-W. Li, H. Jiang, Phys. Rev. Lett. 135, 026502 (2025) .



Fragmented AO-DMET (fAO-DMET)
O-D vs AO-DMET: different locality in the transformation matrix between non-orthogonal
atomic orbitals (AO) to embedded cluster orbitals (ECO)

_ N IAA 0 XAA XABY
LO-DMET: gao-eco :x( . Y) - (XBA XBBY)

AO-DMET: CAO%ECO:(IM 0 )
' 0 X'U”

For a large system with a fragmented structure
Hartree-Fock (I AA 0

A _|_ B(’E) — Ciigg)co — 0 [X!}(i)[UH](i)

IAA

A+, BY o [

Q

Limiting case: Bé? 1S empty =>» Ab initio model potential (AIMP) embedding
Y. Ai, Z.-W. Lj, H. Jiang, Phys. Rev. Lett. 135, 026502 (2025) .




Comparison of different approaches: [Co(SPh),]?

B4 o
Method NME O NHE Npe D/ (eml) P oAwe
All-electron 569 569 569 -59.7 02f o AODMET
ATMP 04 193 193 41.5 o1 [ Mllclecion
LO-DMET 569 569 269 260.0° = oo} sees898esss
AO-DMET 569 569 274 59.8 .l
AO-DMET(aux) 569 333 274 -60.3 ;.
fAO-DMET 131 569 265 -58.9
fAO—DMET(aUX) 131 333 205 -61.9 ha’ o 5 10 15 20 25 30

Pre-SOC States

Y. Ai, Z.-W. Li, H. Jiang, Phys. Rev. Lett. 135, 026502 (2025) .



Application: 4f-5d transitions.in Ce comgl% %

: High level solver: CASSCF-SISO
5 O [ I | T | T | T
(a) (b)
R. Guo et al. Inorg. Chem., 61, 35, 14164 (2022).
D5l’2
A05A" S NEEE b
N “ ‘ Centroid
AN Shift, ¢ B o
T - - —_ Crystal Field
6.35 eV S~ - - Splitting, A,
46-5 Transition LO(Ce) AO(Ce) LO(CeN o AO(CeN B fAO(CeN B
Energy, AE4_sq NECO: 184 199 317 317 305
Py |
s o === —— — .- DMET methods
Free Ce® pherica istorte
Field Qctahedral Field

Neco: humber of embedded cluster orbitals

Y. Ai, Z.-W. Li, H. Jiang, Phys. Rev. Lett. 135, 026502 (2025) .



State-averaged (SA)-D : SA-CASSCF/CAHF as IOM solver

State-averaged CASSCF Configuration averaged HF (CAHF)
all states, equally

“CAHF  « . ‘ [
E., = c,mID ZW averaged ECAME = 2N “hy+ Y " (2Ju—Ki)
n p —
‘P

= ZCI n ‘(DI = ZCI n |V, -V > +f lzz h””+f2(2“']”1”_me”)Jrz Z(Q'Lfm_m'm)]
| |

m mn km
3 | | | |

-1

4.1 13 3d-SIMs, M as impurity

Je

:Z-u:;(lDI‘ZCigE#g“I’I>, (JH.,I!E(?)
I o

D®c* = ¢, cf
bath orbitals: ¢, < <2-&_
core orbitals: &, >2—¢,.,

[F%]

Mean absolute error (MAE) / cm

""LO@ROHF LO@CAHF AO@ROHF AO@CAHF

| DMET methods
Z.-B. Guan and H. Jiang, J. Chem. Theory Comput. 22, 9483 (2026).



State-averaged (SA)-D : SA-CASSCF/CAHF as low leve solver

4_5 excitation energies in Ce-Bp Fe!l'L,LOH: Spin state energy difference (S=3/2
w.r.t. 5/2): SA-CASSCF(9e,70)+NEVPT2 (State-

SA-CASSCF(1e, 120)-NEVPT2+80, impurity: CeNg averaging: 1doublet+1 quartet+1 sextet; impurity: Fe

08— | | | | |

-1
=
~a

|

[

- - E—H LO-DMET
| L57 WM AO-DMET

§ o@roHF LO@CAHF(f) LO@CAHF(fd) AO@ROHF AO@CAHF(f) AO@CAHF(fd)

LO-DMET AO-DMET = ‘M—;‘WMH‘:

Z.-B. Guan and H. Jiang, J. Chem. Theory Comput. 22, 9483 (2026). Low level solver
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Impurity preserved (IP) LO-DMET

ed cluster space (A) |
{03}

({02})

— orth

=] - Z|Q)

“auser ) {05)} = orth ({Q |@;§>})
__________________________ = ECO space in LO(IP)-DMET is exactly the subspace of the

ECO space in AO-DMET with the same A-B partitioning.
Blye: CASSCliF Red: NlEVPT2

Environment (B)

0|

- A: Dy

S
|

—
CJ
T

Mean Absolute Error (MAE) /cm

Mean Absolute Error (MAE) /cm'™

Mean absolute errors (MAE)

. A: DyC10

570

(in em™) w. r. t. all-electron “TAO LO(IP)  LO(Lowdin) LOTAO+PAO) LO(IP)  LO(Lowdin) LO(TAO+PAO)
treatment (Nyo= 1 Neq= 270 213 213 140 570 570 483
reatment (Ayo= 1030 ) EO DMET methods DMET methods

T. Zhang, Z.-W. Li, Z.-B. Guan and H. Jiang, J. Chem. Theory Comput. (in press) doi.org/10.1021/acs.jctc.6¢c01251 .



Impurity preserved (IP) LO-DMET

—e Crystal Field
I Splitting, A
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Impurity: Ce
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Mean Absolute Error (MAE) /eV

Mean Absolute Error (MAE) /eV

’ AO LO(IP) LO(Lowdin) LO(IAO+PAQ) 0 AO LO(IP) LO(Lowdin) LO(IAO+PAO)
Ngo= 305 209 209 142 591 569 569 352
DMET methods DMET methods

Mean absolute errors (MAE) (in eV) w. r. t. all-electron (N, o= 878 ) treatment.

T. Zhang, Z.-W. Li, Z.-B. Guan and H. Jiang, J. Chem. Theory Comput. (in press) doi.org/10.1021/acs.jctc.6¢c01251 .



onclusions

/

> ET+CASSCF(—PT2)—SISO: efficient and highly
accurate approach to magnetic properties of single-
ion magnets, promising for lanthanide
luminescent materials

» Non-orthogonal decomposition of Slater
determinant and AO-DMET: significantly
improved computational efficiency and accuracy,
new strategy for embedding and fragmentation.

» Further significant improvement in accuracy

achieved by using new LOs + state-averaged low-

level solvers (CASSCF or CAHF).
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